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§1. Minimal slope conjecture

k : perfect field, char p > 0

R : c.d.v.r.,, mixed char (0, p) with k = R/m g

K : = Frac(R) with g-Frobenius o (¢ = p® (a > 0))
-] - multi. valuation normalized by |p| = p~1

X : smooth connected scheme sep. of f.t. /k

(over)convergent F-isocrystals (Berthelot, Crew, Kedlaya, --) —

M) = (M), v, ) : coherent sheaf on a p-adic analytic lift of X

integrable connection, (over)convergent condition
Frobenius ® : F* M) 5 M®) horizontal w.r.t. v

overconvergent fully faithful convergent
F-isocrystals on X /K F-isocrystals on X /K
_/\/lT > M

N.B. X =Speck[z]/I : affine smooth
{ AL = (R[2]H/IT) ® K = {T .0 anz?|3n > Lst.|ay|ni2l - O}/I% - overconv.

Ay = (R2)/D) ® K = {Tyoo anz? ||| ~ 0}/Ti ~ conv.
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Slopes and slope filtrations
Definition
M =(M,v,®):aconv F-isocon X/K
(1) M is isoclinic of slope 0 if i* M = (KU, o)™ *M) for ¥i:a — X.
(2)
(3) Slope filtration of M is an increasing filtration
O=MoggM1 G- gM; =M
M,/ M;_1 :isoclinic of slope s; satisfying s1 < s5 < -+ < s,.

M is isoclinic of slope m/n if (M®", g~ D) is isoclinic of slope O.

Theorem (Katz, Crew)

continuous convergent
p-adic representations | = F-isocrystals on X /K
of r§H( X, #) isoclinic of slope O (unit-root)

Theorem (Katz, Kedlaya)
M : conv F-isoc on X /K

= 37 :U c X dense open s.t. 7* M admits slope filtration.
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Minimal slope conjecture

Conjecture (Kedlaya)
MY NT sirred. o.c. F-isoc’s on X /K admitting slope fil on M, N

i} N Mi BN
ap:Mi>Ny = Fal-MTSANTst | O |
M > N

(@8

We will study the dual form:

Dual form of M.S.C.
MY NT sirred. o.c. F-isoc’s on X /K admitting slope fils on M, N
M=MO2 M2 2 M" =0 (sI(ML/M?) > sl(ME/MHLY).

N2 m

BONINLS MM = 3t Smtse L O
NN 5_6 MM
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Results

Theorem (T. (curves), D’Addezio (in general))
The minimal slope conjecture is true.

O Known results
e X :proper = Mt =M= M;j (.irred)
e [Ambrosi-D’Addezio] rank N'T = 1, assuming only nontrivial a1
e [T.] the case of curves, and in general over finite fields
by studying b-solutions and max slope quotients

+ Chebotarev, Companion thm “p = ¢” (after Ambrosi-D’Addezio)

e [D’Addezio] T-hull (“dual” of our methods) + Lefschetz theorem
= Crew’s parabolicity conjecture on monodromy groups of F'-isoc
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An application

nonisotrivial families of elliptic curves + 1 -
Y7 Y5 M@ :ﬂrig(y;i/(XaX))
h v nonisotriv = irred
X dimX>0
U; c X :ordinary locus of Y;/ X 0 L; > M|y, - N; =0
nonisotriv = U, + & slope O 1
Tate module ~ 7§'(U;) v I
Vi = Qp & limY; [p7] (k(X)5eP) L/ : unit-root (slope 0)
V1 2Vo » w§(U) .
for g+3U cU1nU5 Katz(-:C))rew Lilu = Laly
ﬂ M.S.C. + FF
Yl iso’gveny YQ/X de Jong +<C;r>1ai-FaItings M-:II-_ ~ M;

Theorem (Kedlaya)
U c X: open dense = F-lsoc’(X/K) - F-lsoct(U/K) : fully faithful.
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§2. Bounded solutions and maximal slope quotients

X : smooth connected affine curve over k
MT : o.c. F-isocrystal on X/K
My =T (]X[,M)® Ex  : generic (P, V)-module

Two quotients
M,/ M} > M,/ M}
max bounded quot max slope quot

Definition (Local version by Chiarellotto-T.)
MT is PBQ (pure of bounded quotient) < surj is isom
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Notation

X : a smooth connected affine curve over k

X > X=SpecAx X =SpfAdy < 1X[5= Spm Ax x
jln N N N
X - X X L X=X
! | smooth ! !
Speck — SpecR SpfR pl Spm K

{ V : strict nbd of ] X[ in ] X[

.I. o _ i -1 L ur ot
* J10x, = liMmav.oy O i.e., ]X[= VU]X ~ X[ is admissible

%

o AL . =A[1/p]= r(1X[,i105xL.) Al : weak completion of Ax

Qy - Vv C]Y[?

x

o Axx=Ax[1/p]=T(X[s,Ox) Ax : p-adic completion of Ay
e M':o0.c. F-isocon X/K

e Mt=T(]X[5, M) : afin. gen. projective A%, , -module with v, ®

e M=T(]X[5,M):afin. gen. projective Ax x-module with v, ®
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Bounded quotients
Ex i = Ax m,[1/p] : p-adic lift of k(X) with p-adic valuation | |
t € Ex g - alift of certain local parameter of X
My : Ex g-sp. ot dim. n with v: My - My ®p, Qpy gIK
Cre Mn(Ex i¢) (120) st Ly(eg, - en) = (1, en)C
Y =370 %(az — t)t: a matrix solution of M, at generic point x = ¢

Definition (bounded modules)
(1) M, is solvable <« ‘%‘nl —»0(asl—»o0)for0O<n<1

(2) M, is bounded <« supl‘%‘ < 00

Theorem (Dwork, Christol, Robba)
Mn/Mfiis bounded

dim Sol”(My) = dimM,,/ M}
Sol’(M,) = Homy (My, Ex i [[= - t]]o)

M,, : solvable = 31 M} ¢ M, s.t. {
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Bounded/PBQ F-isoc M(T)

Definition (Bounded/PBQ F-isoc)
(1) M) is bounded < My=M®y; Ex  is bounded

(2) M) is PBQ <« M,/M}p has a unique slope < Mp = M}

Theorem (Chiarellotto-T. (local), T. (global))

M) admits a slope fil s.t.
M) = g, (M) /(M(1))i+]

M(1) is bounded < {

Proposition

Given B: N - M.

(1) Nis PBQ & g is surj. = g-sl...,(N) =g-sl..(M) & M is PBQ
0

(2) M:PBQ & Np/NL % My/M : surj = Bis suri.

Here g-sl, (M) = sl(My,/M;}) : generic max. slope
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PBQ filtration

Theorem (Chiarellotto-T. (local), T. (global))
MT 2 o.c. F-isocon X/K
10=PlgPlggPl=-M_, { PI/pl s PBQ
PBQ filtration - g'SImax(P’i) > g'SImax(PHl)
. PI is called the max PBQ submodule of MT

Theorem

MTis PBQ
MTisirreducible < { MT - Mp/ M} is injective
My/ M} is irreducible
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Generic inequality

Theorem
M : isoclinic conv F-isoc on X /K, NT:o.c. F-isoc on X/K
g'SImax(N) = sl(M)
dimg, . Np/N} <rkM

NtceM~ o, v= {

Prf of M.S.C. assuming inequality

Define an o.c. F-isoc LT by

_ 1 =2 1
LT =Im(MTe NT > M,/ M] b Ny/ND).
The inequality above implies
dim M,/M} < dim L,/L; < dim M, /M}

so that MT > £T < NT by irreducibility (or PBQ properties of £T). o
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Relation with Dwork’s conjecture on log-growth

Definition (log-growth )\ > 0)
(1) My (M) : log growth <A < ‘%| = O(1M) (% = O(lA))
(2) Soly(M.) : solution space of log-growth < X\ (* =1, a)

Theorem (Dwork, Andreé)
M : conv. F-isocon X/K

N.P. of {Soly(My)}x < N.P. of {Soly(igM)}

Theorem (Dwork, Chiarellotto-T., Ohkubo)
M : PBQ conv. F-isocon X /K

(1) generic/special log-growth fil of M = g/s slope fil of MV
(2) N.P. of {Soly(Mp)}x < N.P.of {Soly(ig M)}
s.t. both endpoints coincide with each other.
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§3. Inequality rk V'/N'1 < rk M
X : a smooth connected curve over k = k
x * a lift of local parameter at a € X (k)

a, € K
Ra=lim T([A\ 1), O]Y[L) =3 Y apz"™ | |ap|n™ - 0(n - o) (Vn<1) : Robba ring
Al T |nez A< 18t |an| A" - 0 (n - —o0)

EN = {3 anz™ € R| sup,an| < oo} : bounded Robba ring

Ea = EA:{ : Amice ring, p-adic completion of &

A}’K - R,
NU

N gl . henselian d.v.f. with r.f. k((z))
N

Axx - &, - completed.v.f. with r.f. k((x))

© ~ &,E] R, :aq-Frobeniusst. plx = (e.g. () = z9)

Definition
MT is a p-v-module over £T if dimgiMT < co with

(i) V:MT - Mt ®gt Qg K-connection

(i) @ : o* Mt S MT  Frobenius, horizontal w.r.t. v.
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Local inequality

g_ Z n CLHEK, Supn|an|<00’a,n—>0(n—>—oo)
) m@a”x {n|lan| > £} is well-ordered for V& > 0. residue field k((z?))

ET = {3, anz™ € E||an|n™ - 0 (n - —o0) for somen < 1}

Theorem (De Jong)
Nt : a p-module over T with NT = £ @ NT. o
(1) * opposite slope filtration 0 = N} ¢ NT ¢ .. ¢ NT = Nt sit.

E®n NTINT =& NITL/N'.

sI(N/N1) =sI(N]) =0

2 Ntc& -~
) R { dime N/N = dimz N7 = 1

Corollary
M : a o-vV-module over £ with a unique slope.

NT :a p-v-module over £T

SI(N/N1) = sl(M)
dimgN/Nl <dimg M.

NTCMngpz{
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Local results

Theorem
MT : A p-v-module over ET
(1) (Chiarellotto-T.) 31 PBQ fil { P} of M1 s.t., if MT arises from
an o.c. F-isocon X /K, then 5:{ ® P,;r = P;r for a e X (k).
M is PBQ
(2) MT :irreducible < { MT - M /M1 is injective
M /M1 is irreducible

Theorem (Local minimal slope problem)
MT and NT : irreducible »-v-modules over ET

N
BO:N/N1S M/MY = 3gT:NTSMTst. L O |

N/N1 - M/M1
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Proof of global inequality rk N'//NV1 < rk M

1. We may assume N is PBQ. Then g-sl...(N) = sl(M).
2. We may assume X = Al, & admits the slope fil.
~ Suppose rk N /N1 > rk M.

max PBQ sub
H = Ker(N - M) = L
{ may not glue 1 glue in N'T
T _ t T _ T
Hg, = Ker(N ®A}Kg°° M®AX,K Eoo) O L

L)Lt = ”H/”Hl G /\//Nl
Ll ® 8 — Loo < L ®A Ex (- global-local PBQ compatibility)

— By gluing and full faithfulness from o c to conv.

LT|
Ict :o.c. F-isoc c N1 st

't ST 1 contradicting NT c M
® (0.0) g (0.0)
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p . odd prime number

C=P1\{0,1,00}/Fp : 2-line
X : quadratic character w.r.t. w2 = z(z - 1) on C

Proposition

X :y2 =x(x - 1)(x - 2) affine Legendre’s family over C

Y :y2=xz2(x-1)(z-1)(x-2) cY : singular K3-surface
(1) £T=HL (X/(C,C)) :rk =2, regularat z=0,1, 00

=—=rig
(2) Hrlig(C, LT(x)) = Hrlig,c(C, LT(x)) = Hﬁg’c(Y) of dim =2
(3) slmin(Hﬁg (Y))=0ifp=1(mod4)and 1ifp =3(mod4)
) Z(Y [Fp,t) = 1 (Stienstra-Beukers)

(1-6)(1-pt)20 (1-pym3t) (1-pp7at) (1-p2t)
L(X_1/Fp,t) =det(1-tP;i* LT) = (1 -mpt) (1 -Tpt), pp € Z[V-1]* O

Conclusion
p=1(mod4) = 3 o.c. F-isoc MT on C/Q, with nontriv. PBQ fil:

0~ LT(x) = MT = 10,5 @, Hig (C,LT(x))*0 > 0
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| hope Yves and everyone will have happy and healthy life.

Thank you very much for your attention.



